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We consider the out-of-equilibrium behavior of a general class of mesoscopic devices composed
of several superconducting or/and normal metal leads separated by quantum dots. Starting from a
microscopic Hamiltonian description, we provide a non-perturbative approach to quantum electronic
transport in the tunneling amplitudes between dots and leads: using the equivalent of a path
integral formulation, the lead degrees of freedom are integrated out in order to compute both the
current and the current correlations (noise) in this class of systems, in terms of the dressed Green’s
function matrix of the quantum dots. In order to illustrate the efficiency of this formalism, we apply
our results to the “all superconducting Cooper pair beam splitter”, a device composed of three
superconducting leads connected via two quantum dots, where crossed Andreev reflection operates
Cooper pair splitting. Commensurate voltage differences between the three leads allow to obtain
expressions for the current and noise as a function of the Keldysh Nambu Floquet dressed Green’s
function of the dot system. This voltage configuration allows the occurrence of non-local processes
involving multiple Cooper pairs which ultimately lead to the presence of non-zero DC currents in an
out-of-equilibrium situation. We investigate in details the results for the noise obtained numerically
in the specific case of opposite voltages, where the transport properties are dominated by the so
called “quartet processes”, involving the coherent exchange of two Cooper pairs among all three
superconducting terminals. We show that these processes are noiseless in the non-resonant case,
and that this property is also observed for other voltage configurations. When the dots are in a
resonant regime, the noise characteristics change qualitatively, with the appearance of giant Fano
factors.
I. INTRODUCTION
In a mesoscopic device involving superconducting con-
tacts/reservoirs, transport properties are largely influ-
enced by Andreev reflection in the subgap voltage
regime.1 This fundamental process amounts to an elec-
tron being reflected into a hole (or vice-versa), the dif-
ference of charge being absorbed by the creation (or
destruction) of a Cooper pair (CP) inside the BCS
ground state of the superconductor. In a Josephson
junction between two superconductors,2 this microscopic
process explains (i) the DC Josephson supercurrent, an
equilibrium dissipationless phenomenon which depends
on the phase difference between the two superconduct-
ing reservoirs, (ii) the AC Josephson effect which de-
pends on the voltage applied across the junction and
the Shapiro DC steps obtained when adding an RF ir-
radiation, (iii) the pair-assisted quasiparticle transport
for subgap voltages, a phase insensitive non-equilibrium
dissipative phenomenon involving multiple Andreev re-
flections (MAR).3–6
In more involved multi-terminal superconducting hy-
brid structures, a non-local version of this process may
arise. This has been intensively studied in the context of
the Cooper pair beam splitter (CPBS),7–9 a three lead
device composed of a single superconducting lead con-
nected via two quantum dots to two normal metal leads.
There, in addition to (direct) Andreev reflection, the two
constituent electrons of a Cooper pair can be transferred
to the two normal metal leads as a non-local entangled
pair10,11 via a process called crossed Andreev reflection
(CAR).
The first purpose of this paper is to present a gen-
eral theoretical framework for computing the current and
noise characteristics of a general class of mesoscopic de-
vices composed of an arbitrary number of biased super-
conducting or normal metal leads, which are separated by
quantum dots. Upon integrating the quadratic degrees
of freedom of the leads and applying Wick’s theorem, an-
alytical expressions for the noise are obtained in terms of
the dressed dot Green’s function matrix in the Keldysh
Nambu space. To our knowledge, such a general theo-
retical framework has so far only been considered for the
computation of current, in a specific situation: the “all
superconducting Cooper pair beam splitter” (ASCPBS),
studied in Ref. 12, which is the equivalent of the CPBS
albeit with all three leads being superconductors. As is
now well established, a noise diagnosis allows to gain fur-
ther information compared to the current characteristics:
particularly relevant is the monitoring of Fano factors
(ratios between the noise and the current). We stress
that this formulation of quantum transport in supercon-
ducting/normal metal hybrid devices can be readily used
to study a vast class of systems, as it only requires the
(numerical) solution of the Dyson equation of the dressed
single particle Green’s function of the quantum dot sys-
tem - the quantum dot “array”.
In the second part of this paper, as an application
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Figure 1. Sketch of a general multi-terminal mesoscopic de-
vice (with either superconducting or normal metal leads, or
both) described by the present formalism: superconducting or
normal metal leads are connected to an “array” of quantum
dots. Electrons can either hop from a quantum dot to one
of the leads, or they can alternatively tunnel to another dot.
Although no direct tunneling amplitude between the leads is
present in this theoretical model, we argue in the text that
such processes can effectively be included by tuning appropri-
ately both the quantum dot level and its hopping amplitude
to the leads.
of our formalism, we consider the computation of the
noise characteristics of the ASCPBS , where in the sub-
gap regime, Andreev reflection, crossed Andreev reflec-
tion, and multiple Andreev reflections constitute the ba-
sic transport processes. In addition, the voltage differ-
ences between the three leads of this ASCPBS are tuned
to a commensurate voltage configuration dubbed “Mul-
tiple Cooper pair resonance” (MCPR),12 allowing a dis-
sipationless Josephson-like signal for the current in the
subgap regime, despite the fact that the system is driven
far from equilibrium. The application of the general for-
malism developed here is thus to monitor the behavior of
the noise as the subgap voltage differences are decreased.
In some specific range of parameters where the quantum
dot behaves like a quantum point contact, we find that
the low-temperature noise vanishes. Conversely, in the
resonant dot regime where the dots operate as energy fil-
ters, we find that the subgap voltage noise characteristics
gives rise to anomalous giant Fano factors.
The paper is organized as follows. Sec. II describes
the general class of models which we intend to describe,
and the equivalent of a path integral formulation13 for
quantum transport is formulated, allowing us to com-
pute both the Josephson current and the current-current
correlations in a non-perturbative way in a generalized
Fisher-Lee formula14 for both the current and noise. In
Sec. III we apply our formalism to MCPR in the AS-
CPBS. After presenting a short historical perspective of
selected works dealing with multi-terminal superconduct-
ing hybrid devices, we derive the expressions for the cur-
rent and noise using our Nambu Keldysh Floquet formal-
ism, and present numerical results in two experimentally
relevant regimes. The discussion and conclusions are pre-
sented in Secs. IV and V.
We consider units in which Planck and Boltzmann con-
stants, together with the elementary charge are unity, i.e.
~ = 1, kB = 1, e = 1.
II. MICROSCOPIC FORMULATION
We consider a class of mesoscopic systems composed of
an arbitrary number of superconducting or normal metal
leads, which are coupled to an array of quantum dots.
All superconductors, labeled j = 1, 2, ... are described by
BCS theory with a gap energy ∆j (when a given lead
is chosen to be a normal metal, this gap is chosen to
be zero). Quantum dots are identified with the label
α = a, b, ... and their energy level is specified by the en-
ergy εα. There exists no restriction about which quantum
dot is coupled to which lead or dot. The tunneling ampli-
tude between lead j and QD α is denoted as tjα, while the
direct tunneling between dots is described by the ampli-
tude tαβ = tβα. At first sight, it may seem that a direct
coupling (not mediated by quantum dots) is ruled out in
this context. This is by no means the case, as we have
shown in previous work15 that a system of two supercon-
ductors separated by a quantum dot can also describe an
adjustable superconducting quantum point contact with
arbitrary transmission, provided that the dot level is cho-
sen outside the gaps of the superconductors, and that the
dot-superconductor amplitudes are properly tuned. An
example of such devices is depicted in Fig. 1.
A. Total Hamiltonian
The total Hamiltonian of the system can be decom-
posed into a contribution from the superconducting
leads, the one from the QDs (including interdot tunnel-
ing) and a final one describing the tunneling between the
QD and the leads, namely
H =
∑
j
Hj +HD +HT (t). (1)
The superconducting leads, identified by the label j,
are represented by the standard BCS Hamiltonian
Hj =
∑
k
Ψ†jk
[(
k2
2m
− µ
)
σz + ∆jσx
]
Ψjk, (2)
where the Pauli matrices σx and σz act in Nambu space
and we introduced Nambu spinors
Ψjk =
(
ψjk,↑
ψ†j(−k),↓
)
, (3)
3with ψ†jkσ the creation operator for an electron with mo-
mentum k and spin σ =↑, ↓ in lead j.
Introducing similarly the creation operator for an elec-
tron with spin σ =↑, ↓ on dot α as d†ασ, the Hamiltonian
HDα of quantum dot α reads
HDα = α
∑
σ
d†ασdασ, (4)
and the tunneling Hamiltonian between the QDs a and
b is given by
HDaDb = tab
∑
σ
d†aσdbσ + H.c. (5)
Introducing Nambu spinors of the form
dα =
(
dα↑
d†α↓
)
, (6)
and collecting them for each dot α into a 2ND-component
Nambu-dot spinor (ND is the number of quantum dots
in the system) as
d˜ =

da
db
dc
...
 , (7)
the Hamiltonian of the double QD can be conveniently
rewritten as
HD =
∑
α
HDα +
∑
αβ
HDαDβ = d˜
† hDσz d˜, (8)
where the Pauli matrix σz acts in Nambu space and the
matrix
hD =

a tab tac . . .
tba b tbc . . .
tca tcb c . . .
...
...
...
. . .
 , (9)
is defined in dot space.
Finally, the tunneling Hamiltonian between leads and
QDs is written in terms of Nambu spinors according to
HT (t) =
∑
jkα
Ψ†jk Tjα(t) dα + H.c. (10)
where applying a Peierls substitution, we gauged the ex-
ternal bias away from the lead Hamiltonian and into
the tunneling constants, therefore introducing Tjα(t) =
tjα σz e
iσz
∫ t
−∞ Vjdt.
B. Green’s functions in the Keldysh formalism
In order to calculate thermodynamic averages of op-
erators in an out-of-equilibrium system, the Keldysh
time contour C is introduced:16 it goes from −∞ to
+∞ (+ forward branch) and goes back to −∞ (−
backward branch). The time ordering operator along
this contour is denoted as TC . We introduce the
4ND-component Nambu-dot-Keldysh spinors collecting
Nambu-dot spinors (7) evaluated on the two different
branches of the Keldysh time contour
dˇ =
(
d˜+
d˜−
)
. (11)
The bare Green’s functions of the QDs (in the absence of
tunneling between dots and superconducting leads) reads
Gˇ0(t, t
′) = −i 〈TC {dˇ(t)dˇ†(t′)}〉0 . (12)
The quantum mechanical averaging is performed with
respect to the Hamiltonian without tunneling
〈. . . 〉0 =
Tr
{
e−βH0 . . .
}
Tr {e−βH0} where H0 =
∑
j
Hj +HD.
(13)
QD and superconducting degrees of freedom are coupled
with the time-dependent tunneling Hamiltonian HT (t)
and the Green’s function dressed by this tunneling reads
Gˇ(t, t′) = −i 〈TC {S(∞) dˇ(t)dˇ†(t′)}〉0 , (14)
where S(∞) is the evolution operator along the Keldysh
contour
S(∞) = TC exp
{
−i
∫
C
dtHT (t)
}
. (15)
Note that for the general class of systems considered here,
this Greens function is a 4ND × 4ND matrix in Nambu-
dot-Keldysh space.
C. Self energy of the quantum dots
The evolution operator when averaged over the lead
degrees of freedom takes the form
〈S(∞)〉leads = TC exp
[
−i
∫ +∞
−∞
∫ +∞
−∞
dt1 dt2
dˇ†(t1)ΣˇT (t1, t2)dˇ(t2)
]
, (16)
involving a total self-energy ΣˇT =
∑
j Σˇj which also takes
the form of a matrix in Nambu-dot-Keldysh space. Each
lead self-energy Σˇj can be viewed as a set of Nambu-
Keldysh matrices given by[
Σˇj
]
αβ
(t1, t2) = T †jα(t1)τz gˆj(t1 − t2)τzTjβ(t2), (17)
and corresponding to the N2D possible matrix elements
in dot space. There, the new set of Pauli matrices τx,y,z
acts in Keldysh space, and we introduced
gˆj(t− t′) = −i
∑
k
〈
TC
{
Ψˆjk(t)Ψˆ
†
jk(t
′)
}〉
0
, (18)
4as the bare local Green’s function of the superconducting
lead j at the site of tunneling. It involves the Nambu-
Keldysh spinors which collect the Nambu spinors (3)
evaluated on the two different branches of the Keldysh
time contour as
Ψˆjk =
(
Ψ+jk
Ψ−jk
)
. (19)
In order to carry out some of the upcoming calcula-
tions, it is useful to perform a rotation in Keldysh space
going from the +/− basis to the so-called RAK basis
according to(
gRj g
K
j
0 gAj
)
= Lτz gˆjL
−1 with L =
1√
2
(
1 −1
1 1
)
. (20)
This defines a new set of Green’s functions correspond-
ing to the retarded (R), advanced (A) and Keldysh (K)
components. In the present case of BCS superconduc-
tors, these are given by
gR,Aj (ω) = piν(0)
ω + ∆jσx
iζR,Aj (ω)
,
gKj (ω) = [1− 2f(ω)]
[
gRj (ω)− gAj (ω)
]
,
(21)
where ν(0) is the density of states of the lead in the nor-
mal metal regime at the Fermi level, f(ω) is the Fermi
distribution and we introduced the functions
ζR,Aj (ω) =± sign(ω)
√
ω2 −∆2j Θ (|ω| −∆j)
+ i
√
∆2j − ω2 Θ (∆j − |ω|) . (22)
D. Current statistics
1. Current operator and average
The current operator from QD α into the lead j reads
Ijα(t) = i
∑
k
Ψ†jk σzTjα(t) dα + H.c. (23)
As the average current does not depend on the branch of
the Keldysh contour, it is convenient to introduce count-
ing fields ηjα(t) in the tunneling amplitudes according
to
Tjα(t)→ Tjα(t) eiσzτzηjα(t)/2, (24)
so that the evolution operator becomes S(∞)→ S(∞, η).
The average current can then be computed through the
functional differentiation
〈Ijα〉 (t) = i 1
Z[0]
δZ [η]
δηjα(t)
∣∣∣∣
η=0
, (25)
where Z[η] = 〈S(∞, η)〉0 . Performing the differentiation
explicitly, we obtain a Meir-Wingreen type formula17 for
the average current as the following αα diagonal element
in dot space
〈Ijα〉 (t) = 1
2
Tr(NK)
{
σzτz
∫ +∞
−∞
dt′
[
Gˇ(t, t′)Σˇj(t′, t)
−Σˇj(t, t′)Gˇ(t′, t)
]αα}
,
(26)
where Tr(NK) denotes the trace in Nambu-Keldysh space.
2. Current correlations
In full generality, we need to compute the unsym-
metrized current-current correlator defined as
Siα,jβ(t, t
′) = 〈Iiα(t) Ijβ(t′)〉 − 〈Iiα(t)〉 〈Ijβ(t′)〉 . (27)
A convenient way of doing so consists in introducing new
counting fields13 ηjαs(t) where s = ± now specifies the
branch of the Keldysh contour. The tunneling ampli-
tudes are then redefined following this prescription as
Tjα(t)→ Tjα(t) e
iσz
∑
s
pisηjαs(t)
, (28)
where we defined the following matrices in Keldysh space
to project onto a given branch of the contour
pi± =
τz ± 1
2
. (29)
The current correlations are then computed through
second order functional differentiation as〈
I−iα(t) I
+
jβ(t
′)
〉
= − 1
Z[0]
δ2Z[η]
δηiα−(t) δηjβ+(t′)
∣∣∣∣
η=0
, (30)
where Z[η] = 〈S(∞, η)〉0 .
Performing this differentiation, using Wick theorem, and carrying out the partial trace over Keldysh space, it can
5eventually be expressed in terms of RAK components as18
Siα,jβ(t, t
′) = −1
2
Re
∫ +∞
−∞
dt1
∫ +∞
−∞
dt2
× Tr(N)
{
σz
(
Σ˜Ki G˜
A + Σ˜Ri G˜
K − Σ˜Ai G˜A + Σ˜Ri G˜R
)αβ
(t,t1)◦(t1,t′)
σz
(
Σ˜Kj G˜
A + Σ˜Rj G˜
K + Σ˜Aj G˜
A − Σ˜Rj G˜R
)βα
(t′,t2)◦(t2,t)
−σz
(
Σ˜Ri G˜
RΣ˜Kj + Σ˜
K
i G˜
AΣ˜Aj + Σ˜
R
i G˜
KΣ˜Aj − Σ˜Ai G˜AΣ˜Aj + Σ˜Ri G˜RΣ˜Rj
)αβ
(t,t1)◦(t1,t2)◦(t2,t′)
σz
(
G˜K + G˜A − G˜R
)βα
(t′,t)
}
− δij
4
Tr(N)
{
σz
(
Σ˜Ai − Σ˜Ri − Σ˜Ki
)αβ
(t,t′)
σz
(
G˜A − G˜R + G˜K
)βα
(t′,t)
+ σz
(
−G˜A + G˜R + G˜K
)αβ
(t,t′)
σz
(
−Σ˜Ai + Σ˜Ri − Σ˜Ki
)βα
(t′,t)
}
, (31)
where ◦ stands for a convolution product in time.
Note that as the self energies are proportional to
squares of tunneling amplitudes, the auto-correlation
noise always dominates with respect to the crossed cor-
relation noise at low transparencies: the δij term is the
dominant one in Eq. (31) when lowest order perturbation
theory is operated.
This concludes the first task of this paper. The current
and noise have been expressed in terms of the dressed
Green’s function matrix elements, for an arbitrary meso-
scopic system composed of an array of quantum dots cou-
pled in full generality to a set of superconducting or nor-
mal metal leads in the spirit of a generalized Fisher-Lee
formula14 applicable to (time dependent) superconduct-
ing systems. In order to make further progress, one needs
to solve the corresponding Dyson’s equation numerically
for a specific device.
If the system contains only a single superconductor,
only (single) Andreev reflection and quasiparticle trans-
mission to/from this superconductor can occur: a sta-
tionary current flows in this system, and current corre-
lations depend only on the time difference t − t′. The
spectral density of noise at finite frequencies can be di-
rectly obtained by a Fourier transform with respect to
t − t′ . The results of Refs. 13 and 19, which consider
the noise crossed correlation is the CPBS belong to this
category.
However, the next goal of this work is precisely to con-
sider systems with 3 superconductors, where the currents
flowing in the device contain ac and dc components, and
where the real time current correlator depends separately
on the two times t and t′.
III. APPLICATION TO MULTIPLE COOPER
PAIR RESONANCES
In this section, we study the setup presented in Fig. 2
for multiple Cooper pair splitting in a central supercon-
ductor, and recombination (as Cooper pairs) in two other
(voltage biased) superconducting leads. We thus consider
a central grounded superconducting electrode S0 coupled
S0
Sa
Sb
Da
Db
Figure 2. Three superconductors designed in an ASCPBS.12
The central electrode S0 is grounded while the lateral ones Sa
and Sb are biased with voltages Va and Vb. Two quantum dot
nanowires Da and Db, with energies a and b which can be
tuned by gates (in gray), bridge the central superconductor
to the two lateral ones. The distance between the two dots is
comparable to the coherence length.
to two lateral superconducting leads Sa and Sb via two
quantum dots (QDs) Da and Db as illustrated in Fig. 2.
All superconductors labeled j = 0, a, b are described by
BCS theory with a gap energy ∆j . Each QD labeled
α = a, b characterized by an energy level α is coupled
to the central lead and to (only) one lateral supercon-
ductor: the tunneling amplitude between lead j and QD
α is denoted as tjα and the direct inter-dot coupling is
neglected (tab = t
∗
ba = 0) for simplicity, and to optimize
CAR processes. The two lateral leads are biased with a
voltage Vj measured with respect to the chemical poten-
tial of the central superconducting electrode with V0 = 0.
The width of S0 is assumed to be smaller than the super-
conducting coherence length, so that CAR processes can
operate, splitting pairs from S0 and distributing electrons
on both QDs (as Cooper pairs).
6A. Historical perspective
Early works20–23 attempting to describe the transport
properties of three-terminal all-superconducting junc-
tions have focused on the so-called incoherent regime.24
Further investigations made clear that in the coherent
regime, CAR processes25–29 would allow the correlated
motion of CPs originating from all three superconduc-
tors, leading to interesting signatures in subgap trans-
port.12 It was indeed realized that the interference of
MAR processes taking place at different interfaces of the
three-terminal device would lead to the intriguing possi-
bility of phase-sensitive dissipative transport. The most
fascinating feature, however, is the appearance of so-
called multiple Cooper pair resonances (MCPR) which
resemble some form of Andreev bound states delocal-
ized over all superconductors, leading to a dissipation-
less phase-dependent Josephson-like current in a non-
equilibrium situation.
The lowest order MCPR results in the entanglement of
two CPs, a process referred to as the “quartet” process
and first envisioned (at least in these terms) in the equi-
librium calculations of Ref. 30. In another formulation,
these resonances were predicted as voltage-induced (frac-
tional) Shapiro steps.31 Anomalies observed recently in
the electronic subgap transport of an all-superconducting
device32,33 could meet an interpretation in terms of quar-
tet resonances.
Here, we wish to determine the noise characteristics of
MCPR. Indeed, the correlations between currents flow-
ing in two different leads (noise crossed correlations) of a
multi-terminal setup can be measured in order to probe
non-local correlations, such as the ones resulting from
CAR processes. In particular, the sign of such current
correlations has been used as a way to sharpen our under-
standing of mesoscopic devices involving superconduc-
tors from both the theoretical and experimental point of
view.20,23,26,27,34–36 In a setup where a single lead is bi-
ased, low voltage positive noise crossed correlations were
predicted and ascribed to MARs.37 In a setup consist-
ing of a single quantum dot connected to three termi-
nals, noise crossed correlations were also investigated us-
ing perturbative calculations38 and quartets were shown
to have a decreasing noise signal at low subgap voltages
for a non-resonant dot, as opposed to the resonant case
where a phase-sensitive noise was predicted. The study
of out-of-equilibrium noise in multi-terminal supercon-
ducting junctions in the coherent regime is particularly
interesting, as there is still a need to quantify the evolu-
tion of current correlations between different terminals,
as a function of the phase and the voltage biases. In
fact, the measurement of positive noise crossed correla-
tions in three-terminal all-superconducting devices39 has
been reported recently, in agreement with the differential
conductance anomaly ascribed to quartets.
Va = +V V0 = 0 Vb = −V
Figure 3. Energy diagram of the quartet production mecha-
nism. For opposite applied voltages Va = −Vb = V , a process
involving two crossed Andreev reflections splits two Cooper
pairs from the central grounded electrode, leading to the for-
mation of a four fermion entangled state, with two pairs emit-
ted in the lateral superconductors, one in Sa and one in Sb.
B. Short description of MCPR physics
Three-terminal devices involving a superconducting
(S) source connected to two normal (N) metallic leads
have been extensively studied,25–29,40 mostly because
they offer the possibility to generate two-particle entan-
glement7,8,41,42 by extracting a split Cooper pair from
the BCS condensate, which granted them the name “N-
S-N Cooper pair splitters”. Microscopically, Cooper pair
splitting is ensured by the process of crossed Andreev
reflection (CAR) which allows an ongoing hole in one
normal lead to be reflected as an outgoing electron in the
other N lead, making use of the (evanescent) quasiparti-
cle states in S, provided that the separation between the
metallic reservoirs is smaller than the coherence length
of the superconducting material. Such devices were re-
alized experimentally, with convincing evidence of both
nonlocal current and noise.35,43–49
The concept of Cooper pair splitting can be general-
ized to an all-superconducting device30 where an exter-
nal voltage bias is applied to the lateral superconducting
leads, while the central one is grounded. In such a sys-
tem, single-particle conduction inside the outgoing bi-
ased leads is prohibited for subgap voltages. However,
CAR processes can still operate and, for properly se-
lected applied voltages, lead to interesting phenomena.
Indeed, focusing first on the case of opposite potential
biases for simplicity, one can envision a process by which
two Cooper pairs originating from the central lead are
split into entangled nonlocal pairs by virtue of a double
crossed Andreev reflection, their constituent electrons ul-
timately recombining as newly formed Cooper pairs in
the lateral leads. Such a process, shown schematically
in Fig. 3, therefore leads to the coherent transfer of two
Cooper pairs, relying on a combination of both direct and
crossed Andreev reflections. It ultimately corresponds to
7the formation of a correlated four fermion state, an ob-
ject sometimes referred to as “nonlocal quartet”. More
importantly, this is an energy-conserving process which
results in signatures in the DC current, which turn out
to bear a nontrivial phase and voltage dependence.
Such a process can be extended to involve any even
number of CAR processes, a key requirement for the
split pairs originating from the central electrode to get
recombined in the lateral leads. Quartets are thus easily
generalizable to higher-order multiple Cooper pair res-
onances (MCPR) implicating the phase-coherent trans-
port of n+m pairs from S0 being transferred as n pairs
to Sa and m pairs to Sb. This, in turn, leads to the ap-
pearance of DC Josephson resonances at commensurate
voltages, thus satisfying
nVa +mVb = 0. (32)
The existence of the quartet resonance, and more
generally of the MCPR, can be inferred from a simple
phase argument, as proposed in Ref. 12, resulting in
the commensurability condition, Eq. (32), to be satis-
fied by the applied voltages. In an equilibrium setup, the
current-phase relation is obtained from differentiating the
Josephson free energy with respect to the superconduct-
ing phases ϕj associated with each lead Sj .
When external voltages Va and Vb are applied to the
lateral leads Sj (j = a, b), the superconducting phases
acquire a time dependence, namely ϕa(t) = ϕa + 2Vat,
and ϕb(t) = ϕb + 2Vbt, while we assumed ϕ0 = 0 for the
grounded central electrode, so that ϕ0(t) = 0. It follows
that focusing on the currents Ij in the lateral leads Sj
(j = a, b), one is left with
Ij(t) =
∑
p,q∈Z
Ij,pq sin [pϕa(t) + qϕb(t)] . (33)
In the special case where the applied voltages are com-
mensurate, i.e. there exists a pair of integers (n,m) such
that nVa + mVb = 0, one readily sees that the currents
Ij(t) now contain a term which is constant in time, cor-
responding to the component {p = n, q = m} along with
its higher order harmonics. This results in a pure DC
component, signaling the existence of a multiple Cooper
pair resonance. It depends on the combination of the
bare phases nϕa +mϕb, which corresponds to the trans-
fer of n + m Cooper pairs from S0, outgoing as n pairs
in Sa and m in Sb.
The quartet resonance discussed in this study consti-
tutes the “lowest order” MCPR, observed for n = m = 1,
which in a truncated perturbative treatment in the tun-
nel amplitudes, constitutes the dominant MCPR. Here,
our application to this quartet process is by no means
perturbative, and it allows to access transport regimes
at high transparency through all junctions. In Ref. 12,
the authors performed a systematic study of the ampli-
tude of the DC Josephson current for such higher order
processes. However, when the integers m and n identify-
ing the MCPR are instead chosen to be large, as well as
when high transparencies are specified, one is limited by
numerical power. This is the reason why, as a first ap-
plication of our noise diagnosis, we focus on the quartet
case.
C. Expressing the current and noise at a MCPR
1. Double Fourier representation and Dyson equation
When arbitrary voltages Va and Vb are applied to the
lateral superconducting leads while keeping the central
superconducting electrode grounded, two Josephson fre-
quencies 2|Va| and 2|Vb| govern the system. In general,
they are independent and the QD Green’s function is
a function of two times t1 and t2 or alternatively of
τ = t1 − t2 and t = (t1 + t2)/2. However, when the
applied voltages are commensurate, nVa +mVb = 0 with
n,m integers, the average time variable t becomes peri-
odic, with period T = pi|m/Va| = pi|n/Vb| ≡ 2pi/ωJ thus
defining an effective Josephson frequency ωJ . Note that
this condition corresponds precisely to the one allowing
for the appearance of MCPR. It then becomes possible
to describe the bare and dressed QD Green’s functions,
Gˇ0 and Gˇ, along with the self energies Σˇj , using a sin-
gle frequency and two harmonics indexes representing
harmonics of the Josephson frequency ωJ , in the spirit
of Floquet theory.15 This specific double Fourier trans-
form representation thus allows us to write all Green’s
functions as frequency-dependent matrices in harmonics
space (on top of their Nambu-dot-Keldysh structure)
Gˇnm (ω) =
ωJ
2pi
∫
dt1e
i(ω+nωJ )t1
×
∫
dt2e
−i(ω+mωJ )t2Gˇ (t1, t2) . (34)
This additional matrix structure in harmonics space
offers an important advantage over other formulations as
it allows to write the Dyson equation as a simple matrix
inversion (albeit in the rather large Nambu-dot-Keldysh-
harmonics space)
Gˇ(ω)−1 = Gˇ0(ω)−1 − ΣˇT (ω), (35)
which is translated into RAK components as
G˜R/A(ω)−1 = G˜R/A0 (ω)
−1 − Σ˜R/AT (ω), (36)
G˜K(ω) = G˜K0 (ω) + G˜
R(ω)Σ˜KT (ω)G˜
A(ω). (37)
The bare Green’s function is not only diagonal in Keldysh space (expressed in the RAK basis) as G˜K0 = 0, but also
in harmonics space as, when expressed in the time domain, it only depends on the time difference τ = t1 − t2. These
8diagonal elements can be written as Nambu-dot matrices taking the form[
G˜
R/A
0 (ω)
−1
]
nm
= δnm
(
ω + nωJ − aσz −tabσz
−tbaσz ω + nωJ − bσz
)
. (38)
Similarly, the lead self-energies can be obtained in this enlarged space using Eqs. (17), (21)-(34), and are given by:50
[
Σˇj(ω)
]
nm
= Γj
(
δnm Xˆj(ω + nωJ − Vj) δn−2Vj/ωJ ,m Yˆj(ω + nωJ − Vj)
δn+2Vj/ωJ ,m Yˆj(ω + nωJ + Vj) δnm Xˆj(ω + nωJ + Vj)
)
, (39)
where Γj is a matrix in dot space with matrix elements
Γjαβ = piν(0)t
∗
jαtjβ , and where Xˆj and Yˆj are matrices
in Keldysh space, with components expressed in the RAK
basis as
X
R/A
j (ω) = −
Θ(∆j − |ω|)ω√
∆2j − ω2
∓ i Θ (|ω| −∆j) |ω|√
ω2 −∆2j
,
XKj (ω) = −2i
Θ (|ω| −∆j) |ω|√
ω2 −∆2j
tanh
βω
2
,
Y R,A,Kj (ω) = −∆j
XR,A,Kj (ω)
ω
.
(40)
In all generality, an exact description of the problem
would require an infinite number of harmonics. In prac-
tice, we can restrict ourselves to a finite subset by intro-
ducing a cutoff energy Ec, which needs to be much larger
than any relevant energy scale of the problem (typically a
few times the largest superconducting gap). The dressed
dot Green’s function G˜R,A,K is then obtained numeri-
cally from Eq. (36), through the inversion of large matri-
ces. The typical size of these objects is dictated by the
applied voltage biases through the Josephson frequency,
as one needs N ∼ Ec/ωJ frequency domains of size ωJ
to properly cover the range of energy up to the cutoff Ec.
This makes the handling of low-voltage situations partic-
ularly time-consuming, and numerically challenging be-
cause of resonances which require to perform integrals
with a finer resolution on increasing size intervals.
Note that all analytical results can directly be applied
to more general multi-terminal superconducting devices,
provided that the MCPR condition is satisfied between
potential differences with respect to the ground. This is
also true for the results of the section below, which are
not sample specific.
2. Current harmonics and noise in frequency space
As argued earlier, multiple Cooper pair resonances ap-
pear when commensurate voltages are applied to the lat-
eral superconducting leads, a condition which also allows
to recover a periodic behavior of the transport proper-
ties in terms of a single (effective) Josephson frequency
ωJ . When the MCPR condition is satisfied, the current
admits a Fourier series expansion of the form
〈Ijα〉 (t) =
∑
p∈Z
e−ipωJ t Ipjα, (41)
with Fourier coefficients given by12
Ipjα =
1
2
Tr(NK)
{
σzτz
∫ ωJ
0
dω
2pi
∑
n
[
Gˇ(ω)Σˇj(ω)− Σˇj(ω)Gˇ(ω)
]αα
n,n−p
}
. (42)
Performing the partial trace over Keldysh space, it can be expressed in terms of RAK components as
Ipjα =
1
2
Tr(N)
{
σz
∫ ωJ
0
dω
2pi
∑
n
[
G˜R(ω)Σ˜Kj (ω) + G˜
K(ω)Σ˜Aj (ω)− Σ˜Rj (ω)G˜K(ω)− Σ˜Kj (ω)G˜A(ω)
]αα
n,n−p
}
. (43)
From the definition of the current-current correlations,
Eq. (27), one can introduce the finite-frequency noise,
calculating the Fourier transform with respect to the time
difference as
S+iα,jβ(Ω, t) ≡
∫ +∞
−∞
dτ eiΩτSiα,jβ(t, t+ τ), (44)
S−iα,jβ(Ω, t) ≡
∫ +∞
−∞
dτ eiΩτSiα,jβ(t+ τ, t), (45)
9which correspond to the emission and absorption noise.
In inductive coupling schemes for the detection of
noise,51,52 at low temperatures for both the device un-
der study and the detector, the emission noise typically
dominates.
Under the MCPR condition these Fourier-transformed
correlators recover a periodicity in their average time
variable. Like the currents, they contain all harmonics
of the Josephson frequency, which motivates the compu-
tation of the following time averages5 corresponding to
the emission and absorption noise:
S¯+iα,jβ(Ω) ≡
ωJ
2pi
∫ 2pi/ωJ
0
dt S+iα,jβ(Ω, t), (46)
S¯−iα,jβ(Ω) ≡
ωJ
2pi
∫ 2pi/ωJ
0
dt S−iα,jβ(Ω, t). (47)
It is clear from these expressions that emission and ab-
sorption noises are trivially related when flipping the
sign of the probing frequency, namely S¯+iα,jβ(Ω) =
S¯−iα,jβ(−Ω). A theory for the detection of photo-assisted
finite frequency shot noise has been presented in Ref. 53
with an application to the fractional quantum Hall effect,
and it is directly applicable to superconducting systems.
Substituting the expression for the current correlator, Eq.(31), in terms of the dots Green’s functions and leads
self-energies back into Eqs. (46)-(47), and focusing on the behavior at zero frequency, one obtains, after performing
all 4 time integrals explicitly
S¯iα,jβ(Ω = 0) = − (2pi)
3
2
Re
∫ ωJ
0
dω Tr(NH)
{
σz
(
Σ˜Ki G˜
A + Σ˜Ri G˜
K − Σ˜Ai G˜A + Σ˜Ri G˜R
)αβ
ω
× σz
(
Σ˜Kj G˜
A + Σ˜Rj G˜
K + Σ˜Aj G˜
A − Σ˜Rj G˜R
)βα
ω
− σz
(
Σ˜Ri G˜
RΣ˜Kj + Σ˜
K
i G˜
AΣ˜Aj + Σ˜
R
i G˜
KΣ˜Aj − Σ˜Ai G˜AΣ˜Aj + Σ˜Ri G˜RΣ˜Rj
)αβ
ω
×σz
(
G˜K + G˜A − G˜R
)βα
ω
}
− 2piδij
4
Re
∫ ωJ
0
dω Tr(NH)
{
σz
(
Σ˜Ai − Σ˜Ri − Σ˜Ki
)αβ
ω
σz
(
G˜A − G˜R + G˜K
)βα
ω
+ σz
(
−G˜A + G˜R + G˜K
)αβ
ω
σz
(
−Σ˜Ai + Σ˜Ri − Σ˜Ki
)βα
ω
}
, (48)
where we dropped the superscript +/− for S¯iα,jβ since the two lead to the same result at zero frequency and we
introduced Tr(NH) as the trace in Nambu-harmonics space.
It is also possible to obtain compact expressions when the noise is evaluated at harmonics lωJ (l integer) of the
Josephson frequency
S¯−iα,jβ(lωJ) = −
(2pi)3
2
Re
+∞∑
n,p=−∞
∫ ωJ
0
dωTr(N)
{
σz
(
Σ˜Ki G˜
A + Σ˜Ri G˜
K − Σ˜Ai G˜A + Σ˜Ri G˜R
)α,β;n,p+l
ω
× σz
(
Σ˜Kj G˜
A + Σ˜Rj G˜
K + Σ˜Aj G˜
A − Σ˜Rj G˜R
)β,α;p,n−l
ω
− σz
(
Σ˜Ri G˜
RΣ˜Kj + Σ˜
K
i G˜
AΣ˜Aj + Σ˜
R
i G˜
KΣ˜Aj − Σ˜Ai G˜AΣ˜Aj + Σ˜Ri G˜RΣ˜Rj
)α,β;n,p+l
ω
× σz
(
G˜K + G˜A − G˜R
)β,α;p,n−l
ω
}
− 2piδij
4
Re
+∞∑
n,p=−∞
∫ ωJ
0
dω Tr(N)
{
σz
(
Σ˜Ai − Σ˜Ri − Σ˜Ki
)α,β;n,p+l
ω
σz
(
G˜A − G˜R + G˜K
)β,α;p,n−l
ω
+ σz
(
−G˜A + G˜R + G˜K
)α,β;p,n−l
ω
σz
(
−Σ˜Ai + Σ˜Ri − Σ˜Ki
)β,α;p,n−l
ω
}
. (49)
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Eqs. (43) and (49) for the Josephson current and the noise deserve some attention. They are not specific to the dot
geometry, lead configuration, or tunnel amplitudes whatsoever. The self energies are known [see Eq. (39)], and the
matrix elements of the dot Green’s function need “only” to be solved via Dyson’s equation, with a recursive scheme,
or by a direct matrix inversion.
For the application of this study, our priority is to investigate both signals at zero frequency. Nevertheless, we
stress out that in past works,15 the Josephson current harmonics have provided a useful test for the presence of
decoherence effects. Indeed, in a superconducting junction with an embedded quantum dot side-coupled to a normal
metal reservoir (a source of decoherence) non zero harmonics of the Josephson current are suppressed when the
coupling to this normal metal reservoir is increased. Here, we point out that we can achieve a further characterization
of the transport characteristics of the device via the noise harmonics, with the potential to incorporate the monitoring
of decoherence effects.
D. Noise characteristics of the quartet resonance
To be more specific, we focus on the quartet resonance
Va = −Vb = V > 0. Moreover, we adopt an antisym-
metric position for the dots a = −b =  > 0 to opti-
mize CP splitting.13 We assume identical superconduct-
ing gap for all leads, ∆j = ∆, and symmetric couplings
between superconductors and dots Γjαβ = Γ while for-
bidding interdot tunneling, td = 0. The quartet phase
ϕQ = ϕa + ϕb − 2ϕ0 is monitored through ϕb = ϕQ, the
two others being set to zero, ϕ0 = ϕa = 0. We present
results for the DC currents in the leads Ia ≡ I0aa and
Ib ≡ I0bb (cf. Eq. (43)) as well as for the zero-frequency
correlations of these currents Saa ≡ S¯aa,aa(Ω = 0),
Sbb ≡ S¯bb,bb(Ω = 0) and Sab ≡ S¯aa,bb(Ω = 0) (cf.
Eq. (48)). Saa and Sbb are referred to as noise autocor-
relations whereas Sab are the noise crossed correlations.
Fano factors for the lateral leads are given by the stan-
dard definition:
Fj = Sjj
2Ij
for j = a, b. (50)
Similarly, a Fano factor can be defined for the central
lead from the sum of the currents, leading to meaningful
information about noise crossed correlations
F0 = Saa + Sbb + 2Sab
2(Ia + Ib)
. (51)
The properties of the current in this system were stud-
ied by some of the authors in Ref. [12]. It was shown that
the current can be broken down into three qualitatively
different components. First the quasiparticle current Iqp,
due to the multiple Andreev processes, which is indepen-
dent of the quartet phase. It is an odd function of voltage,
and thus contributes to the currents Ia and Ib with an
opposite sign since the voltages of leads a and b satisfy
Va = −Vb. Then the “phase-MAR” component IphMAR,
which is due to interference effects between multiple An-
dreev reflection and phase dependent processes. While it
is odd in voltage like the quasiparticle current, IphMAR
is, as suggested by its name, phase-dependent, and an
even function of the quartet phase. Finally, the multipair
coherent current IMP , which is carried by the exchange
of multiple pairs between superconducting leads, is an
odd function of the quartet phase. This component is
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Figure 4. Current Ia (in units of ∆) as a function of the phase
ϕQ in the QPC regime, for voltages V = 0.65∆, 0.55∆, 0.45∆,
0.35∆, 0.17∆ (in order of decreasing amplitude). Current Ib
can be deduced from Ib(−ϕQ) = −Ia(ϕQ).
however an even function of the voltages, and thus con-
tributes equally to Ia and Ib.
When the voltage V becomes small enough, the con-
tributions Iqp and IphMAR become small compared with
the coherent multipair current, which thus dominates
for a non-zero quartet phase. This explains why the
two currents Ia and Ib become equal in the low-voltage
regime, and the current phase relation Ia(ϕQ) is that of
a pi junction, which can be justified by the spin singlet
nature of CP pairing. When the voltage is increased,
the multiple Andreev processes become more important,
and the two currents Ia and Ib start deviating from
each other. Within the symmetries that result from
the choice of parameters we have used, we always have
Ib(−ϕQ) = −Ia(ϕQ).
In what follows, we investigate two different regimes:
(i) the ”quantum point contact” (QPC) regime which is
obtained for dot energy levels placed outside the gap of
the central superconductor  > ∆ and for large couplings
Γ > ∆, which imply weak energy filtering from the quan-
tum dots; (ii) the resonant dots regime which is obtained
for QD energy levels within the gap  < ∆ and moderate
couplings Γ < ∆ which imply efficient energy filtering by
the quantum dots.
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Figure 5. Decomposition of the current Ia in terms of the
quasiparticle current Iqp, the phase-MAR current IphMAR
and the coherent multipair current IMP (all in units of ∆), as
a function of the phase ϕQ in the QPC regime, for voltages
V = 0.65∆ (top) and V = 0.35∆ (bottom). For V = 0.65∆,
the three contributions are of the same order of magnitude.
For V = 0.35∆, the voltage is low enough to have IMP
strongly dominate over the other two contributions.
1. QPC regime
When the quantum dot energy levels are placed outside
the gap of the central superconductor and the effective
linewidths of the quantum dots are large compared with
this gap, the two S-dot-S junctions behave like adjustable
tunnel barriers, which justifies the nomenclature “quan-
tum point contact regime”. This regime constitutes a
natural starting point of our investigation as it provides
an interesting insight into the physics at play in more
complex situations. The results shown here in Figs. 4-9
were obtained for the choice of parameters  = 6∆ and
Γ = 4∆.
The current Ia, in units of ∆, as a function of the phase
ϕQ is shown in Fig. 4 for different values of the volt-
age V [the current Ib can be deduced from Ib(−ϕQ) =
−Ia(ϕQ)]. For large values of the voltage (the largest
here being V = 0.65∆), the current Ia is positive for all
phases, with a non-symmetric phase dependence. As the
voltage is lowered, the current decreases in amplitude
and tends towards a sinusoidal ∼ sin(ϕQ + pi) depen-
dence. This change of behavior can be understood by
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Figure 6. Autocorrelation noise Saa (top) and crossed
correlation noise Sab (bottom), given in units of ∆,
as a function of the phase ϕQ for voltages V =
0.65∆, 0.55∆, 0.45∆, 0.35∆, 0.17∆ (in order of decreasing am-
plitude), in the QPC regime. Autocorrelations Sbb can be
deduced from Sbb(ϕQ) = Saa(−ϕQ).
decomposing the current into its three contributions:12
Iqp =
1
2pi
∫ 2pi
0
dϕQ I(ϕQ) (52)
IphMAR =
1
2
[I(ϕQ) + I(−ϕQ)]− Iqp (53)
IMP =
1
2
[I(ϕQ)− I(−ϕQ)] , (54)
where we recall that Iqp is the quasiparticle current due
to multiple Andreev processes, IphMAR is the phase-
MAR current due to the interference between MAR pro-
cesses and phase dependent processes, and IMP is the co-
herent multipair current associated with multiple Cooper
pair resonance. Fig. 5 shows the decomposition of the
current Ia for two different values of the applied voltage:
V = 0.65∆ and V = 0.35∆. For the larger applied volt-
age, the three components are roughly of the same mag-
nitude, which explains the overall positive current, and
its non-symmetric phase dependence. However, when V
is lowered, the Iqp and IphMAR contributions decrease
rapidly to zero, while the IMP component converges to a
nonzero value, as shown for V = 0.35∆. Eventually, for
low enough voltage, the current is fully due to the multi-
pair component, which tends to a ∼ sin(ϕQ+pi) behavior.
By the very nature of these multipair processes (which
12
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Figure 7. Fano factors Fa (red, full line) and F0 (blue, dotted
line) in the QPC regime, as a function of voltage, for ϕQ = 4.
Vertical lines indicate the location of the MAR onsets (V =
2∆/n).
involve the same number of electrons being transferred
from S0 to Sa, and from S0 to Sb) the currents Ia and Ib
are simply equal.
The noise as a function of the quartet phase is shown
in Fig. 6 for different voltages. The autocorrelation noise
Saa is naturally positive, and its amplitude decreases
rapidly as the voltage is lowered. The crossed correlation
noise Sab is mainly negative except for ϕQ close to 0 (and
pi at low voltage), and its amplitude shows a similar de-
crease as a function of voltage. Note that the amplitude
of the crossed correlations is smaller than that of the au-
tocorrelations, a phenomenon which can be attributed to
the local quasiparticle currents. Indeed, the local quasi-
particle component of Ia, due to local MAR processes
between electrodes a and 0, yields a finite contribution
to the autocorrelations Saa, while in the crossed corre-
lations Sab, the local quasiparticle current in Ia and the
one in Ib are uncorrelated and thus do not contribute.
Comparing the results of Figs. 4 and 6, it is interest-
ing to point out that as one lowers the external volt-
age bias, the current assumes a finite value (for non-
zero phase ϕQ) while the noise correlations tend to zero,
so that the DC current becomes effectively noiseless at
small voltage, a feature generally attributed to Joseph-
son physics in standard two-terminal superconducting
devices at equilibrium. Indeed, as argued above when
studying the current, the low-bias transport properties
rely uniquely on the exchange of CPs rather than dissi-
pative processes (such as MAR or quasiparticle tunnel-
ing) which involve the continuum spectrum of the super-
conductors, thus explaining the strong similarities with
a conventional Josephson junction. This is better illus-
trated in Fig. 7 which shows the Fano factors Fa (for
current Ia) and F0 (for the total current Ia + Ib) as a
function of the voltage bias for a generic phase ϕQ = 4.
The logarithmic scale clearly shows the rapid decrease of
the Fano factor as V → 0. Interestingly, the results of
Fig. 7 also indicate the existence of peaks in the Fano
factors near the MAR onsets V = 2∆/n (vertical dashed
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Figure 8. Current component IphMAR (red, full curve), and
noise crossed correlations Sab (blue, dashed curve), in units
of ∆, as a function of the phase ϕQ, for voltages V = 0.65∆
(top) and V = 0.35∆ (bottom).
lines). While the presence of such structures is reminis-
cent of what is observed in a biased two-terminal junction
separated by a QPC, the overall voltage-dependence is in
sharp contrast with this situation as instead of vanishing,
the Fano factor of such a device increases dramatically
as 1 + Int(2∆/V ) at low voltages for low transparency,5
reflecting the increase in the transmitted charge through
MAR processes. The observed drop of the Fano factor
in our 3-superconductor system thus constitutes direct
evidence that the DC signal of quartets is noiseless when
lowering the voltage.
Further understanding of the noise behavior as a func-
tion of voltage can be obtained using the current decom-
position in terms of quasiparticle, phase-MAR and mul-
tipair contributions. As argued above, in the low-voltage
limit, the noise (both autocorrelations and crossed corre-
lations) goes to zero while the current reduces to its co-
herent multipair component IMP . From this, it is clear
that the multipair component of the current is noiseless.
As a result, we can thus expect that the small noise con-
tribution at small to moderate voltage is directly related
to the other two components of the current. This is con-
firmed in Fig. 8, which shows the crossed correlations Sab
together with the phase-MAR component IphMAR of the
current, for V = 0.65∆ (top) and V = 0.35∆ (bottom).
Quite strikingly, the phase dependence of the IphMAR
and of Sab are directly correlated, which shows that the
crossed correlations are indeed associated with IphMAR
at least as far as the phase dependence goes (since Iqp
is phase independent). One can also see that the am-
plitudes of the current component and of the crossed
correlations are somewhat similar. Crossed correlations
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Figure 9. Fano factor Fa in the QPC regime, as a function of
voltage, with ϕa = 0 and ϕb = 4, for three different voltages
configurations.
decrease slower than IphMAR, an effect that may be at-
tributed to the quasiparticle current Iqp, which does con-
tribute to the crossed correlations (through processes in-
volving all three superconducting leads).
Finally, the significant drop of the Fano factor at very
low voltage, which shows that the multipair process is
noiseless, is not restricted to the quartet configuration.
This is illustrated in Fig. 9, which presents the Fano fac-
tor Fa as a function of the voltage bias, for three dif-
ferent voltage configurations: Vb = Va, Vb = −2Va and
Vb = −3Va. For each plot, the choice of phase is ϕa = 0
and ϕb = 4 (this choice does not impact qualitatively the
results). As in Fig. 7 obtained for the quartet configu-
ration, results are shown on a logarithmic scale, and one
clearly sees that the Fano factor is strongly reduced at
low enough voltage. As noticed for the quartet configu-
ration, this is due to the existence of a finite DC current
as V → 0, while the noise vanishes for V → 0.
2. Resonant dots regime
We now present results obtained for the set of param-
eters  = 0.6∆ and Γ = 0.3∆ which constitutes a regime
of efficient energy filtering from the dots in the gap of
the central superconductor, albeit still allowing multiple
Andreev processes to be identified. The main qualitative
difference with the QPC regime, which is common for
all the investigations led in the resonant dots regime, is
the presence of phase sensitive and voltage sensitive gi-
ant Fano factors even at low voltage when the Josephson
current is fully ascribed to quartet processes.
Fig. 10 shows the phase dependence of the current Ia
and the noise crossed correlations Sab for different volt-
ages between V = 0.65∆ and V = 0.16∆. In all gener-
ality, the current Ib(ϕQ) can be readily deduced from
Ib(−ϕQ) = −Ia(ϕQ), but except for the largest volt-
age considered, our results show that Ib(ϕQ) ' Ia(ϕQ),
which means that the current is largely dominated by
quartet processes. Similarly, the noises Saa(ϕQ), Sbb(ϕQ)
and Sab(ϕQ) are nearly equal, except again for V =
0.65∆ where there is a small but notable difference
(which further increases for larger values of the voltage).
In particular, this implies that the crossed correlation
noise is positive for most of the voltage range, which con-
stitutes yet another indication of the dominant character
of quartet processes. This property of the currents and
noises ultimately justifies our concentrating on Ia and
Sab in this regime.
Focusing on the results for the current (left column
of Fig. 10), we see that for large and intermediate volt-
ages (top and middle plots), the current-phase relation
is quite complex and clearly non-harmonic. This is most
marked around the value V = 0.60∆ which is the voltage
at which the dot level positions coincide with the chem-
ical potentials of the left and right electrodes. As the
voltage is lowered, the amplitude of the current oscilla-
tions decreases, ultimately reaching a pi-shifted sinusoidal
relation for low-enough voltage (bottom plot), typical of
a pure quartet process far from resonance.
The behavior of the noise Sab in the resonant dots case
(right column of Fig. 10) is qualitatively quite different
from its counterpart from the QPC regime. We observe
two striking characteristics. First, the noise shows a
highly sensitive phase dependence, with marked peaks
at values of the phase which depend on the voltage bias.
Secondly, the amplitude of the noise varies quite strongly
and non-monotonically with voltage, reaching huge val-
ues, order of magnitudes larger than the corresponding
maximum current at the same voltage. This last prop-
erty, combined with the decrease in amplitude of the cur-
rent as one lowers the external voltage bias, leads to a gi-
ant Fano factor in the low-voltage regime. This behavior
is in stark contrast with the one described in the previ-
ous section for the QPC regime: while in both cases the
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Figure 10. Current and noise correlations (in units of ∆) as a function of the phase ϕQ for different values of voltage (from
V = 0.65 to V = 0.16) in the resonant dots regime. The left column shows the current Ia, with the value of the voltage noted
near each curve. The right column shows the crossed correlations Sab for the same values of voltages. Two curves for the Sab
have been scaled to fit inside the plot: the one for V = 0.26 (middle plot, factor 0.1) and the one for V = 0.18 (bottom plot,
factor 1/3).
current is largely dominated by quartet processes, here it
is accompanied by large current fluctuations, which are
thus enhanced by the resonant nature of the quantum
dots.
It is instructive to consider the overall amplitude of
both current and noise, leaving aside the details of the
phase dependence, as phase dependent measurements
typically require a squid geometry, and we aim at com-
puting quantities which are more directly accessible. To
this aim, we consider the current amplitude at a given
voltage defined as
Imax − Imin = maxϕQ [Ia(ϕQ)]−minϕQ [Ia(ϕQ)] , (55)
and similarly for the noise
Smax − Smin = maxϕQ [Sab(ϕQ)]−minϕQ [Sab(ϕQ)] .
(56)
These two quantities are shown in Fig. 11 and Fig. 12 re-
spectively. Ignoring the fine structure, the general quali-
tative behavior for the current shows a broad maximum
around V =  (corresponding here to V = 0.6∆), and a
slow decrease at lower voltage. This scale corresponds to
the voltage where the energy level of both dots coincides
with the chemical potential of the lateral electrode each
of them is connected to. Note that the current amplitude
is at most of the order of 1 (in units of ∆) and decreases
to ∼ 0.1 for the smallest voltages considered. The noise
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Figure 11. Amplitude of the current Ia(ϕQ) (in units of ∆),
defined in Eq. (55), as a function of the voltage V , in the
resonant dot regime ( = 0.6∆ , Γ = 0.3∆). The current is
maximum near the voltage where the dot levels coincide with
the lateral electrode chemical potentials (V = ).
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Figure 12. Amplitude of the crossed correlation noise Sab(ϕQ)
(in units of ∆), defined in Eq. (56), as a function of the voltage
V , in the resonant dot regime ( = 0.6∆ , Γ = 0.3∆). The
noise shows strong variations at small voltages, with maxi-
mum values which are several orders of magnitude larger than
the current.
amplitude, however, shows a radically different behavior,
with sudden bursts which become more marked as the
voltage gets smaller. Remarkably, while these fluctua-
tions can make the noise reach values as high as ∼ 100
(in units of ∆), there are some wide regions of voltage
(for example near V = 0.3∆) where the noise amplitude
is several orders of magnitude smaller. Note that the
details of the amplitude of the noise vary importantly
when the parameters  and Γ are varied (even within the
resonant dots regime). Huge noise varying strongly with
voltage has been observed54 by some of the authors in a
different context (a system of three one dimensional topo-
logical superconductors which bear Majorana fermions at
their extremities) and has been attributed to a different
underlying physical mechanism: the presence of a zero
Majorana mode.
IV. DISCUSSION
One of the main goals of this application of the present
formalism has been to address whether, upon decreasing
the bias voltage, the noise signal of MCPR decreases, and
goes to zero despite a non equilibrium situation, in the
same manner that a DC Josephson junction can bear only
thermal fluctuations at equilibrium. In this sense, our
results seem to be in qualitative agreement with Ref. 38,
which deals with a three superconducting lead device,
while also surpassing it for the following reasons.
First, the formalism we have developed here is gen-
eral enough to allow to treat the non equilibrium cur-
rent and noise characteristics of a large class of meso-
scopic systems (as exposed in the first part of this pa-
per). Ref. 38 focused on a given geometry - a central
dot system connected to all three superconducting leads
- and all presented calculations were specific to this con-
text. Moreover, the geometry chosen in Ref. 38 does
not optimize CAR processes, which are indispensable for
the optimal detection of MCPR. In past works on the
CPBS,13,19 the authors showed that the optimization of
CAR processes is achieved by considering a device where
the two quantum dots connected to the normal metal
leads have energy levels which are opposite with respect
to the central grounded superconductor. This motivated,
concerning the study of the ASCPBS12 the same choice
of an antisymmetric dot configuration, so that direct An-
dreev processes are also filtered out. In this respect, the
present work achieves a more rigorous diagnosis of noise
for MCPR because CAR processes are optimized from
the start.
Second, our approach is non-perturbative, taking into
account the coupling to/from dots and leads to all orders,
for an arbitrary superconducting device. The authors of
Ref. 38, however, resorted to a truncated perturbative
expansion to compute the transport properties. Beyond
the obvious inherent limitations of perturbation theory
when it comes to dealing with high junction transmis-
sion or resonant situations, such an approach also im-
poses the introduction of a phenomenological dot param-
eter intended to regularize the perturbative treatment.
This small parameter corresponds to a finite intrinsic
linewidth broadening which needs to be systematically
added “by hand” to the bare dot Green’s function from
the start. The bare dot constitutes an isolated, coherent
system, and adding such an infinitesimal in the bare dot
Green’s function cannot be justified from a rigorous mi-
croscopic model. It is typically introduced to simulate the
coupling to a (dissipative) electrodynamic environment,
to describe a source of decoherence for the quantum dots.
The addition of such an extra phenomenological param-
eter may have unforeseen repercussions on the transport
properties at a MCPR, which were not thoroughly ex-
plored in Ref. 38, casting a shadow on the generality of
their results. In our present work, an infinitesimal pa-
rameter enters the advanced/retarded lead Green’s func-
tion only, and this infinitesimal is of course rendered fi-
16
nite for numerical calculations. This is the norm, and
subtleties about the interplay between this infinitesimal
and the (adiabatic) voltage have been addressed in Ref.
4. We checked systematically that the current and noise
computed within our formalism were not affected when
this infinitesimal (associated with the lead Green’s func-
tions) was further reduced, converging toward the same
results, while the bare dots Green’s functions are system-
atically treated as fully coherent entities, devoid of any
phenomenological linewidth for the dot system.
V. CONCLUSION
We have studied a general class of multi-terminal su-
perconducting devices composed of superconducting and
normal metal leads arbitrarily connected to a quantum
dot system. Expressions for the non equilibrium cur-
rent and noise have been cast into matrix products of
self energies and dressed single particle Green’s func-
tion. The numerical solution of the latter via Dyson’s
equation allows to characterized the transport prop-
erties of a vast class of systems. This work con-
stitutes a Hamiltonian formulation of quantum trans-
port in the same spirit as the Landauer-Buttiker-Imry
multichannel/multi-terminal formalism,55–58 extended to
superconducting hybrid systems.
We applied our formalism to the ASCPBS, a three-
terminal superconducting device designed with a central
grounded electrode contacted to two other leads via two
QD nanowires. When CAR processes are operating on
the central superconductor and the voltages applied to
the lateral leads are commensurate, the partial currents
are known to depend on the bare superconducting phase
differences, leading to a Josephson-like signature, albeit
in out-of-equilibrium conditions.12,30 This has been con-
firmed by experimental signatures for the differential con-
ductance32 and more recently explored for the noise.39
Such a phenomenon is referred to as a MCPR since the
underlying explanation involves the correlated motion of
several CPs between the three superconducting reser-
voirs, with split Cooper pairs from the central lead.
Within the out-of-equilibrium Keldysh framework, the
equivalent of a path integral approach leads to a Dyson
equation which relates bare and dressed QD Green’s
functions, introducing a self-energy term which accounts
for the coupling to superconductors in a non-perturbative
way. The statistics of the current operator have been de-
rived using counting fields13 which allow generalizations
to full counting statistics in principle. The commensu-
rability of the voltages, which is assumed here for com-
putational reasons and because it is a requirement for
the observation of MCPR, allows the use of a double
Fourier transformation leading to a convenient matrix
representation. As a result, all observables of this system
(current, noise autocorrelations and noise crossed corre-
lations), are expressed in terms of the dressed Green’s
function of the dots, a procedure which requires a (large)
matrix inversion of the Dyson equation.
More specifically, we have focused on the quartet res-
onance where the voltages imposed on the two lateral
leads are opposite, and two regimes have been numeri-
cally investigated. In the QPC junction limit, where the
dot energy levels are placed outside the gap of the cen-
tral superconductor, and energy filtering of the dots is
not effective, we have found that the noise correlations
decrease when the voltage is lowered, so that the Fano
factors take very low values in the adiabatic limit. We
have also demonstrated that the decrease of the Fano fac-
tor is not specific to the quartet resonance, by showing
similar behaviors for three other voltage configurations.
This observation is in sharp contrast with the case of
a two-terminal junction where the Fano factor varies as
∼ 1/V at low voltage. In this regime, negative noise
crossed correlations are generally observed at all volt-
ages, except for fine-tuned values of the quartet phase.
In the resonant dots regime, where the dot energy filter-
ing is sharper and occurs within the gap of the central
superconductor, only positive values of the noise crossed
correlations are obtained, an indication of the dominance
of the quartet process. Compared to the QPC regime,
large values of the noise have been obtained together with
a strong sensitivity on both phase and voltage due to the
acute energy filtering. The appearance of giant Fano fac-
tors constitutes an important signature of this regime.
We therefore believe that the present noise diagnosis
of our 3-superconductor setup sheds further light on the
physics of multiple Cooper pair processes, with potential
repercussions on experimental detection.
Possible extensions of this work could follow several
directions including
(i) the investigation of lower voltages in the resonant
dots regime which would require more efficient integra-
tion tools in order to further probe the noise reduction;
(ii) a thorough analysis of other voltages associated
with MCPR (mVa + nVb = 0), for larger integers m and
n, which differ from the specific quartet process stud-
ied in this application of our formalism. Higher fractions
have been extensively studied, albeit only for the DC
Josephson current, in both non-equilibrium and equilib-
rium setups:12,59 to each higher order MCPR corresponds
an Andreev bound state described by a combination of
CAR and direct Andreev processes in the ASCPBS which
describe a closed orbit in energy space. Basic transport
processes are the same, but they involve more CAR pro-
cesses necessarily. We have shown that, in the QPC
regime, the Fano factor decreases for voltage configura-
tions other than the quartet resonance. While the behav-
ior is qualitatively the same for all voltage configurations,
a detailed exploration of the latter could provide precious
insight on these systems.
(iii) the influence of inter-dot tunneling, which may
spoil the efficiency of CAR processes in the ASCPBS:
this was indeed the case for the CPBS in Ref. 13, and we
expect the MCPR signal to be decreased in the presence
of such tunneling. On general grounds, strong inter-dot
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tunneling should be taken into account in a general, large
quantum dot “array”, with the goal to describe a specific
mesoscopic device or molecule with many sites/orbitals.
(iv) the inclusion of different injection regions in the
leads when a superconductor is connected to several
quantum dots. We aware that dimensionnality and kF
oscillations can lead to a modification of the coupling pa-
rameters that we have used here, in the same spirit as in
Ref. 60, where the reduction of CAR over large points of
injections was taken into account effectively.
(v) the influence of the QD Coulomb on-site energy,
which could be done using either a Hubbard-Stratonovich
treatment (followed by a standard approximation such as
a saddle point method60) or a self-consistent perturbative
approach;19
(vi) the investigation of finite frequency noise at multi-
ples of the Josephson frequency (as well as the Josephson
frequency current harmonics), for which we have avail-
able analytic expressions, but which would require a chal-
lenging experimental detection scheme similar to that of
Shapiro steps. Particularly relevant would be to study
the effect of decoherence (due to the coupling of the dot
system to a normal metal lead for instance) on the am-
plitude of the higher noise harmonics.
(vii) the investigation of electron-hole decoherence ef-
fects on the zero frequency noise, using methods bor-
rowed from quasiclassical circuit theory61–63.
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